Reading Time: An initial 2 minutes to view BOTH sections

MATHEMATICS SPECIALIST : UNITS 1 & 2, 2023

Tuesday 14 March (T1W7)
Test 1 — Proofs and Counting Techniques (10%)
23.1,11.1,113-1.1.5,1.21-1.2.9

Time Allowed FirstName _ Surpame Marks
30 minutes . Marung, Guide .
\V}

/ 29 marks

Circle your Teacher’s Name:

Ms Chua Mr Koulianos Mr Liu Ms Robinson

Assessment Conditions: (N.B. Sufficient working out must be shown to gain full marks)
+ Calculators: Not Allowed

** Formula Sheet: Provided

< Notes: Not Allowed

PART A - CALCULATOR FREE

Question 1 (6 marks)
Consider the conjecture below:

If y* < 2xy? —x%,thenx € Rory ¢ R.

a) Write the converse, inverse and contrapositive of this conjecture in the space provided.

(3 marks)
. e , 2
Converse I LEIR or '5¢ R, then M4 £ Zuj -1 VRW
Inverse e g4?, lpyl.-xzi tHin KER pnd yelk. vV RW
Contrapositive | if Y ¢ IR dnd YelR, twen 542 2)&12-- xt, v RW
b) Prove that the contrapositive statement is true.
4 > s . . . (8 marks)
RP: y'2z 2y—2" | @ Yy'- 2yt 2 0.

1c= ud_ Y37t eyl
HE = YT= 2" +r v rearranges inequality to be proved

N2 i o, v expresses as a perfect square
Qj ) — IX (jl'x ) S o A v indicates this is >= 0 (no need to

specifically refer to real numbers)

i

T R Y 2
= (y"-n)
Allow equivalent marks if students choose
) o I to start with the perfect square (being greater
Z 0 fne AER "“\A \J&“Q . or equal to zero) and rearrange
Hone  yd— g 42 50 a5 wy.
: e i 4 0 1
- ® x€®Rond yeR thon 'z 2y —x

o Onfrapositive 1§ e .

@
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Allow equivalent marks if students choose
to start with the perfect square (being greater
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Question 2 (5 marks)
Prove the following conjecture:

Forx € Z, x* — 11x + 28 is never prime.

K-l 28 = (X-4)(x-17)

v factorises the quadratic

For : o i v indicates the factors need to be 1 for prime
'n’\ £ 1 b@ phme / v solves both possible x-values -
gither =4 = o x— F = v substitutes both values and shows a non-prime

¥ final conclusion

25 x=§ = X=§

I

But, € k=g, x—tnctag ix(5-1)

= =2 <40 - not pinme

it =8, V=it 2§ = (¢-4)x )
= &
= 2x2 L onot g

Question 3 (3 marks)

A set of cards is numbered with all the multiples of 6 between 200 and 900 inclusive. Determine the

minimum number of cards which must be selected to ensure that at least 8 cards in the selection have
the same last digit. Justify your answer.

5 Pignholes s lost digite for multiples of 6 can only be |
O‘ D‘( 4'; 6 o 8
WSt case denacto -

KT 3 of eda

XS = 35 ants.  Coigegns)

By figeonnole pRaople , the next and Cpigesn) Riected will muan
W trt dre at lgdt € of ab (lag one of thuse (o digity-
HAL, wmanimum H# o Select [5(;, (,amb(
v identifies pigeonholes

v/ uses worst case scenario
v/ adds 1 to get the final answer of 36
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Question 4 (6 marks)
a) How many subsets, excluding the empty set and the original set itself, can be made from the set
{6,7,8,9,W,X,Y, Z}? v expresses as 28 - 2 (or sum of

] : — e a8 combinations) (2 marks)
5 temerts = tﬂ&ib&dé =1 ~2 v evaluates correctly

W ~2 = |54 subsefs.

1"

b) Evaluate %°P3 + Ps.

sf . Fi

om———— — m—

P el
47 W v expresses using the correct products

o .
= SUX 4ax % ) v evaluates correctly

No mark just for substituting into the permutation formula

(2 marks)

Ak
= ‘)800[
e g2 : 2 : 27 29
c) An excerpt of Pascal’s triangle has been given, below right. Use this to evaluate ( 3 ) — (27).
(2 marks)
23\ ( 29
(3 ) 2% 1 25 300
= (?4.) - ( /“.’/7) pr! 1 pi A\ 2 23 3 br g
. 3 2 (0) ((/. (7) [3)
1 7 351 2925
¥ identifies correct values
= lq 15 = 40(4/ v’ evaluates correctly 58 378 3576
max 1 mark for answer only (2?) (7!'1)
= 12514 5 29 406 3654 23751
435 4060 27405

Question 5 (4 marks)

For each of the following statements, state whether it is true or false, and give an example or
counterexample to justify your conclusion. You do NOT need to complete any proof.

a) If an animal is a bird, then it can fly.

. (2 marks)
F . Vv identifies false

e = : _ ¥’ gives an appropriate counterexample
A G o bicd | it T et fily ’ pprep

b) All linear graphs have exactly two axes intercepts.
(2 marks)

False -
Y= 4 U o Unzar gropht, Ut onlly has e axo Rt ar (6,0).

v identifies false
v gives an appropriate counterexample
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Question 6

(5 marks)

Solve forn if 12 (721) = (Zn). A trial and error method will not receive any marks.

3
n! (an)!

PXSrmt T o)l

bﬂx nx (a-1) ;M (-1 x (20-2)

But SNk eqn v vy (g) 2 (M))

7 . v, it
ow (n-1) Ao n-DGn-2)

{1

3
bin—6 _ Am—fbn42

gA
8= 18 = 4 _ a1y

4nt—24nt20 =0

1—

N — 6bn +5 =0
(h—1)n-5) =9

n=1,5 .

3
g Nz & 023

JF =0 U wwald.

_ jn=¢C]

v expresses using the combination formula
deduct a mark if only 2n! not (2n)!
v simplifies the factorials to achieve polynomial
v’ simplifies to the quadratic equation
v solves both values of n
v indicates only the n=5 solution is valid
(no explanation needed)
An answer without sufficient algebraic reasoning is worth 0 marks.
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✔ expresses using the combination formula
    deduct a mark if only 2n! not (2n)!
✔ simplifies the factorials to achieve polynomial
✔ simplifies to the quadratic equation
✔ solves both values of n
✔ indicates only the n=5 solution is valid
    (no explanation needed)
An answer without sufficient algebraic reasoning is worth 0 marks.
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PART B - CALCULATOR ASSUMED

Question 7 (4 marks)
a) What is the negation of the statement: v x € Z, x? — 3x + 5 is odd.

(2 marks)
Ax€7 Suth that X' 3x+S (s €veq . ¥ changes to 'there exists'

v/ negates the remainder of

the statement
b) Prove the following statement is true.

Jda € Rsuchthatva® —4a+1€Q other oxamples .

!,_‘,_,.u_,._ , . s & w (2 marks)
It a=2 34 = [3=Bsi” == =
13 P A 4qatd {881 {o= 4oty ‘ 4 3 3 4

R

= \l ( v/ uses an appropriate value for a
) ) ¥/ evaluates and indicates it is a
= | €ER ' . mtiondd rational # result
Hend , g an a-vddu? an ke found | Satenant iy true
Question 8 (3 marks)
The local high schools want to form an interschool volleyball team of 6 by randomly selecting players

from their top teams. The table below shows the number of players available in each school

At least one student must be selected from each school, and there must be an equal number selected
from Rossmoyne and Willetton. How many teams are possible?

Number of Optioas: UK (W, 4A oo 2 24
School Players
Available . i2 \ S\ iR > q <\
= ‘ X | X1
Rossmoyne 12 (‘ ( ‘ \ 4,) \ 2 ( 7//> \%/
Willetton 8 _ o 7
App| 5 = 4% t qg“‘*% ¥ indicates correct product of combinations
pplecross

— . for one option
= iC A7 . indicates correct product of combinations
= !_,‘ 18 460 -wm:\g v P

for the other option

¥’ correct use of addition principle and evaluates
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Question 9 (4 marks)
Four of the letters from the word CATCHCRY are ordered. How many arrangements are possible?

sk, (V) 4 dift. letters (EA THRY
(G)x 4 = bp, = 0 ¢

cak, (D 208 & 2 dife

S ) Y 4_[ - . v correct number of arrangements for first case
‘ Z 21 = 20 ¥/ correct number for second case
’ ¥/ correct number for third case
_ ¥ total
e ) F/T for total only if cases are appropriate
(ase, (i)  3Cs & | di .
5 ) v 4L
4 | = 30
‘ 31

L Totad # Oﬁan@(fmmfj = 360 t 120 20

~[ oo

Question 10 (4 marks)
Consider the set of integers between 1 and 500 inclusive.
How many of these integers are a multiple of 4, a multiple of 6 or a multiple of 7?

Ul of 4 \%QJ - f2e

)
(Ol ——69‘\ = gg
. 00 |
¥ |L|-
Mk, oF 4%6 - EQQS = &) Tofad = 125t 33 ¢ H = 4H-13-U ¢§
‘ i2
6 gfﬁl E %X = i ¥ calculates the number of 'singles’ correctly

\ ¥ calculates the number of 'pairs' correctly
‘ ¥’ calculates the number of 'triples’ correctly

! ) \ v’ applies inclusion-exclusion for correct total
Myt o 4,() £ s "é;' = " F/T for total only if cases are appropriate

{
(Wi
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Question 11 (6 marks)

A group of trees are to be planted in a new local park: 3 eucalyptus, 2 golden wattle and 5 paperbark.
Assume that all of the trees of the same type are indistinguishable from each other, e.g. all 3 of the

eucalyptus trees can be considered the same.

a) If the trees are to be planted in a single row, how many arrangements involve the golden wattle trees

at the very ends of the row (i.e. one at each end)?

8!

(1 mark)

b) If the trees are to be planted in a single row, how many arrangements are there where the three

eucalyptus trees are not all kept together?

fital % arangementy (o reatvictions)
101

2305

2520

otdd # WU 3 ajagrt eucalyptus

2/(’3{ - ‘bg

(2 marks)

# with 3 eucalyp tw nof tigethar

2520 ~163 =.|'2351‘ ANBAZINN T

—_——

¥’ calculates the number with all 3 adjacent
J v  applies complement to solve

c) If the trees are to be planted in two rows (where the back row has 6 trees, and the front row has 4
trees), how many arrangements can be made if the three eucalyptus trees must all be in the front

row?

(3 marks)

e (i)  folden wattly al- foat (@ 5 papelpark & | golden Wt atlyck.)

41§l
ETG

@ (i) yaperbal ot font

4 el ,
T T

S Tl &+ = 24+ 6o

. E anagements

¥ calculates for case 1

¥’ calculates for case 2

¥ total

F/T for total only if cases are appropriate
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